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Abstraci: Let A be an ordered Bansch algebra and © be a closed and convex cone in A, In this paper
we define the C-continuity ot a point x; € £ of the spectrum function [ C — £ We define some
subalgebra of the OBA A on which the spectrum function fx) = o(x) becomes continuons. We prove
some resulis on subalgebra of A on which the spectrum function f{x) = o(x}) becomes confinuous
when it 15 restricted o the: mb‘ﬂlﬂ.ﬁtﬂ'ﬂ . "-i"."e ﬂlm pn:ma the mnnnmh of the spectrum function in

‘I ﬂ ;SC (20010

spectium  function ad
radius funciion is also upper semi-confinnons,
Since then, this topic has been widely standied
bv manv mathematicians and several authors
have made great contnbutions i this subject.
Many researchers and awthors  provided
differcnt tvpes of sufficient conditions  for
speciral continuity, Most of the imporiam
carlicr results were prosented by B Anpetit, m
the monograph [4]. In the vear 1988, in her
survey  paper [6], L. Burando, gave an
extensive accound of these and subsequent
resulis op to that time and she also supplied
several oseful references. Many authors reveal
ihe contimuily of the resinction of the specinum
function and the spectral radius function to
special subsels of cerlaun Banach algebras. A
sufficient condition for the contimsity of spectral
radius at & poind of a Banach algn_l-rr:t 15 given by O

1 Murphy « thon, a3
as Mewhburg ;*S
siruciume of e

In Bamnch nlgebm of all linear snd contnuous
aperators om & scparable Hilberi space, the

continuaty apectral radi
mdB B Mitﬂﬂm
Mouton smdied about spectral mnunmi:r om

positive clements m ordered Banach alpebra.
Some of the more recent papers on spectral

conlinuity imclude papers [1], 121 [9]. [13].
[14], [15], and | 16]

hus@.h@(}mxmm

continuily of the spectrum function f in ordered
Banach algchra and ws swbalgebras. The
continuity of the spectrum function in ondered 22

=

//:dn

Banach algchras with polynomial iddentities will "'.

also be studeed.

In section 2, we provide the definitions of
clements m Banach alpebras. In section 3, we
define an algebra convex-cone © of a unital
complex Banach algebra A and ordered Banach
algchra (OBA). We also define spectrum
function in ordered Banach algebra.

In scction 4, we prove oor main resulis of
continuity of the spectrum funclion in convex
cones © in ordered Banach algebra (A, ©) and
some other subalgebras,

1. Sprnﬂrum of am element in  Banasch

ut T f complex
D ARG TG
4 AN el nt” a I‘I::ﬂ g:mac:

algebra 4 is said to be invertible {or mon-
gingular) in A if there exizis some € A such

that oz = 2z = 1, of  all Finveriihle
GOH
flali] @ Apecliiim o iment a £ .4

will ba denm&d by ar{m) or e{a, A) and defined
by ola) = {od € C:a —a is not invertible in
A}, The spectrum of an clement of a complex
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Banach algebra iz non empiv closed and
compact subset of the set of complex numbers
L o}

If @ & A such that o} = 0. then a is smd ta
be guasimilpotent, The set of quasimilpotent
eglements of A will be denoted b QA An
clement a € A 15 sand to be a radical cloment if
ad = QN(A). The set of all radical elements is
then referred 1o as the radical of A4 and is
denoted by Redid). We can also define the

radical of the B 8 A as Rad{A) =

o RSN - 24567
R

3. Order in the boalt [ 1

In section 3 of paper [ | Hi.mrz:daﬁ:lmd an algebra
cone & of a complex Banach alg.ubm A amd it is

shown on A an 5.8 !
c,ﬂmpuhlk
Such a h = l:gl an

Banach algebra (OBA),

A nonempty subsct © of A iz acone of AifC +
Cef and ACCSC(for C==A€eR) If C
satisfies © =0 = {00}, then C iz called a
proper cong, Any cone © of A induces an
ordering = on A such that o = b if and onby 1if
b—aEeCfora.b e A. It 15 shovom that thas
ordering is a partial ordering on A. Furthermore.
15 proper if and only if this partial order has
the additional property of being antisymmeiric,
ite. f a=h snd b=<a, then a=b,
Considening the partial order that € induces. we
find that & = {a € A:a = 0} and iherefore we
call the glementz of O positive. A cone © of A
i= called an algebra come of A, if C.C € O and
1E £,

A cone O of A 1s called algebra conmvex-
cone il it satisfies the following:

{i)ab € C foralla, b € € such that 0 =<
A= 1 mmplios Ao + (1 — AR}k & O

{11 1 € €. where 1 15 the unit of A.

In the above definition, if for all a, & £
 such that @b = b, then wa sav that the cone
is commulative convex cone.

4. Continuity of the Specirum Function in
CONVEX CONES
iscontinuity
ven by 5,
2R2-2HF
written by C.E. Rickart, also shows thar in an
ordered Banach algebra, the spectrum function
is nol always continwous on the algeWra come,

o moasunc
the continuity of the speciram. we iniroduce &

=
-
=

distance on the compact subsets Ky, K: of the —

st of all complex mumbers £, This distance is

oo
-~

/

called the HausdodT distance and it is defined EE

&5
ARy K]
= max{sup dist( 2, &) . sup dist{ =, K;)}
TEKs ZENK,;

The spootrum function x -+ o(x) or x —
alx, A) is said to be comtinuous ot a € A if for
every € = 0. there exists § > 0 such that
llx —all = & implies that the Hausdorfl
distance A{a{x),a(a)) < . It is well known
froom paper [17], that spectrum function x —=
a(x) is ypper semi-confinnons on A, that s fior
cvery opon st [ containing o {x) therc cxists
E::- 0 such that [lx — al| =< & implies o{a) —

TS SINED 4 S 6T F 2B

partiallv ordered by o relation " in such a
manner that for cverv a, b, c £ A :Bnd..lE T

BtEpaMijir

{4)1 = 0.

Therefore, if A 15 ordernzd by an algpebra cone .
then A, or more specifically (A, C). is an OBA.

is closcd and convex conc in Banach algebra A,

Defimition 4.1, Let £ be ::lnwd ComveNx-
lml functon
ﬂ i x, € O,

il" flxe) — Filx.) for each {x,} = € such that

lxy — x, 0l = 0.
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The spectrum fonction x — o{x) s £-
continnous on the set E subset of C, sf 16 18 ©-
continuons ab every point of the set E. IFf for a
given £ > 0, the number & > 0 is independent
af x, € F, then the spectrum function x —
o(x) is uniformly continuous on £

We also say that the spectrum function fi{x) =

a{x) s A {or on a
o S N2 4

aact B o A

Mow, we give some examples of continmty

e Bt LA T I

algebra, mcspmirum tion fix) =
continpons on 4 and hence Fx]) = o(x) is C-
conbmnons on the sct E of subset of © and each
subsel E.where £ © © < Al

Example 4.3. Let A be a Banach algebra, the
spectrum  function F{x) = a{x) is wniformby
continnous on A if and only if the guotient
algebra A/Rod(4) is commutative {(Chapter 2,
[4]).

Example 4.4, Let © be a finile dimensional
closed and convex-come in an OBA {4, ), then
the spoctrum  functiom flx) = aix) 15
continpons an &

Definition 4.5, Lot © be closed and convex-
cone i an OBA A. For each closed subset F o
L, FIC,A) is defined as F{C A)={x &
Cra{x) = F1.

The following theorem is abont C-continuity of
the spectrum function f{x}) = o(x] relabve o
the set F{C, A).

Suppose  that filx)=a(x} isl-
contmuous on O Let x, € F for some closed
subset F o €, therefore for x, € F, we have
oy = 25l =0, Since flx)< F and -
continuity of Fx) mplies that F{x,) = fix)
it follows thet fix,) = F. Thus olx,)=
flxy) = F and oz} = fx;) = F. Hence,
F(C,A) is closed in C.

g f i 7 <

contimwous on C, On the contrary we 5uppl:m=
IJ:ml that f 15 discontinuous 8t some point x, €

. Then there exist a sequence 3, € F. A, E
or at |lx, —
.H:E hneN.

ake F = L —{A: |4 = A,] = &}, then for each
mnE N we have f(x,) € F and hence x, € F,
but x, & F, Therefors F 15 not closed 1 L.
Hence £ must be C-continmoas,

Let £ be closed and convex-cone m an OBA A,
Let H={h,5€5] be the set of all
homomomphisms fg: © = £ acting from £ oo
some algebra ;= Imh,;. Let ¥ be a closed
subsct of €, then we say that the sct H generates
a symbol for the set ¥ in OBA A if o(x, ) =
e ol (), OO0 far every x € ¥

We can also sav that a set of mappings {7.5.
B ¥ = Fgg, generates a symbol for a set ¥ an
OBA A if there exists a cone C, (¥ < & = A)
and a sct of hommomorphisms o = {h,} of the
OBA A such that H gencrates a symbol for the
sel ¥ om OBA A via the definition o{x, A) =
Waer ol (), ) and by Y = g..

Theorem 4.7. Let £ be closed and convex~cone
m oan OBA 4 ami Y be a closed subsel of ©
Sua:p-as: Ilhal = {h;, = E.S'} gr:nmlﬂ-a B

if the scL F{{.,A}I 15 l:.lusn:d in C for each .F
closcd 1 T

i § 1 ¥
proved i

S5im [5) For © = A,

CONLIME0LS O !I"'
Proof: Let F be a closed subset in £, then by
Theorom 4.6 F{¥,A4) 15 closcd 1n For cach
. :.fmh ek
Eﬁm LAY, Since
i, A) = Fand H = {h_, 5 € §} gencrales a
svmbol for ¥ oin A Thus, oix A) =
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Upoew o (), 020, thercfore for every 5 £ 5,
n € N it follows that ol fix, ). €.} = F. Hence,
Flh(xy). Co) = Tlijl; olh(xa). C) = F

for everv 5 € 5. Thus.

ﬂ'{xﬂ-ﬂ} =Llees ﬂ{hs(xﬂ.:lvcsj = F.
Therefore., we have x, € F(¥,A). By using
Theorsm 4.6, we conclude that the spoctrum

Theorem 4,18, (Theorem 221, [12]) Let A be
a Banach algebra. Then A € m, if and only if
Fanli, Ge, ., B2y ) € RLA) lor EViEry
collection of slements 4, G2, ..., @24 E A.

If Feplog az,..,o;)3E R(4) for  every
colleciion of elemenis @, @3, w0, "oy € A, then
ASR(A) E Fopy. By Theorem 211 [12], Af
R{A) € m, and hence. A € w7, .

Function JIS-cmunnuu un:mmg 45.6?1?“}:7“2 Shm:m 16

CORnE i an I'Il fanced
Filx) = alx, A} is C-continuous on £,
Proof: Let M be o maximal commutative

that E c e W &
m.m.:h]%i i
fomciion « unus un

mverse closed m OBA A ic, ﬂ'f_‘p M) =
oy, 4} for every vy € M. Thos the spoctrm
function a{y, A) 15 M-continnons on W and
hence the spectrum funciion (v, A) is also
continnous  on  its subalgebra ©. Therefiore
Filx) = olx, A} is C-continnous on ©,

Remark 4.9 Let A be an OBA. Let fix) =
oix, A) is discontinuons at a point x,. Supposc
that M be the wostal alpebra penerated by the
element x,. This gives that M 15 a commutative
subalgebra of A for which ihe spectrum
funciion Flx) = «(x, 4) 5 discontinoons on
A,

Let 4 be alogchra of polynomials, Led
XpaXay o Xy € A are non commuting variables
and let £ be a standard polvoomial
Ea (g e s ) =
Eres,, SIGM TXei13% 102} - Xrim]s
where T runs through the symmetnic group 5.

The algebra A zatisfies a standand poly m:-miai

identity of if’ a montriv
polynamial - .am] 4
¢ For any

write it as A € Pi(m).

IFr dim Im k. Sﬂ. far ::anh £ € X, then the
algebﬂ

arder 1'1:

The ﬂ:r].luwm,g mmrm
Banach algebras which adimi a matrix syimbol
af order n.

lﬁi;:l se that AIFE%H 2n) fo
I [WSC: @6 He
A LEMUAHES O A

Aem, <= A/R(A) € PI(Zn).

Theorem 4.011. Lei 4 be a Banach algebra.
Lt (= =
alx, A) is

Proof: lci 4 be a Benach algchra and
AJR(A) € Pi{2Zn) for some n € N. Then by
Theorem 4110, the algebra A iz with mainx
svmbol of order noand therefore, dim fm h, =<
" Hence the specirm function
alh.(x}), fm k) is continnons for cach £ € 5,
Therefore fiom Theorem 4.7, it Tollows that the
spectrum Tunction o(x, A) is continnons on A.

5. Conclusions

In thas paper, we defined the C-contimuiby at a
point x,; € £ of the spectrum funciion -0 = C
m convex cong in ordered Banach algebra 4.
We also defined some subalgebra of the OBA
A on which the spectrum fumcton fix) =
oz, A becams continuous. We proved some
resulis on spbalpebra of A on which the
spectmm function flx) = #{x} became
continuons  when it is  restricted to  the
subalgebra ©. We also proved the contimuity of
the spectrum  fumcton in ordered Banach

'Mﬂ;m gljes Some
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